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ImpedanceAbstract In the present paper, the pulsatile flow of blood through a bifurcated artery with mild
stenosis in parent artery is investigated by taking blood as couple stress fluid. The arteries pattern
of bifurcation is treated to be symmetric about the axis of the parent artery and straight circular
cylinders of limited length. The governing equations are made dimensionless and suitable
coordinate transformation is used to convert the irregular boundary to a well designed boundary.
The resulting system of equations is solved numerically using the finite difference method. The influ-
ence of physical parameters on the velocity, shear stress, flow rate and impedance near the apex is
studied graphically. Further, the oscillatory nature of impedance, flow rate and shear stress against
time near the apex in both parent and daughter arteries is presented.
 2016 Production and hosting by Elsevier B.V. on behalf of Ain Shams University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The transport of fluids in pipes, tubes and channels is very
important in many biological and biomedical systems, espe-
cially, in the human cardiovascular systems. Usually formation
of fatty material such as calcium on their inner walls, is known
as arterial stenosis. The deposition of atherosclerotic plaque
depends on the geometry of the arteries. The most common
locations of formation of stenosis are the curvatures, junctionsand bifurcations of large and medium arteries. It is important
to study the bio-fluid dynamical aspects of the human
cardiovascular system, which have gained more attention in
the recent decades with respect to the diagnosis and the genesis
of atherosclerosis.
Many researchers have studied the blood flow in stenosed
arteries of different geometries. An analysis of the influence
of an axially symmetric time-dependent growth of mild steno-
sis in the lumen of a tube whose cross section is constant
through which a Newtonian fluid is flowing steadily has been
described by Young [1]. The rotational field due to the spin
of freely suspended particles produces an antisymmetric stress,
termed as a couple-stress, which is driven to the couple stress
fluid theory. Different models have been proposed to explain
the behavior of non-Newtonian fluids. Among these, the
micro-continuum theory of couple stress fluid introduced by
Stokes [2] has specific features, such as the presence of couple
stresses, body couples and non-symmetric stress tensor. The
important feature of couple stresses is to introduce a size//dx.doi.
2 D. Srinivasacharya, G.M. Raodependent effect. Classical continuum mechanics oversight the
size effect of material particles within the continua. Couple
stress model plays a vital role in understanding some of the
non-Newtonian flow properties of blood. A couple stress fluid
dynamics have been reviewed by Stokes [3]. Srinivasacharya
and Srikanth [4] examined the influence of couple stresses on
the pulsatile nature of couple stress fluid flow through a con-
stricted annulus and analyzed that impedance and wall shear
stress have been increased with an increase in the size of the
catheter and decrease in the couple stress fluid parameter. Sahu
et al. [5] presented a mathematical analysis of the influence of a
mild stenosis on blood flow (couple stress fluid) characteristics.
Hayat et al. [6] discussed the unsteady three-dimensional flow
of couple stress fluid over a stretched surface. Maiti and Misra
[7] described hypothetically the peristaltic motion of a couple
stress fluid in a porous channel. Srinivasacharya and Srikanth
[8] investigated the steady streaming effect on the pulsatile nat-
ure of couple stress fluid. The velocity and the flow rate are
increased significantly for a small increment in the couple
stress parameter has been described by Adhikary and Misra
[9]. The unsteady laminar incompressible flow of Eyring Pow-
ell fluid between two parallel porous plates with variable suc-
tion/injection velocity with the consideration of couple
stresses and a uniform magnetic field has been discussed by
Rana and Khan [10]. Reddy et al. [11] contributed to the math-
ematical model for couple stress fluid flow through the stenotic
annular region and analyzed that the impedance has been
increasing with advancing in the height and length of stenosis.
Hayat et al. [12] studied the Hall effects on the peristaltic
motion of couple stress fluid in an inclined asymmetric channel
with heat and mass transfer. Adesanya and Makinde [13]
investigated the influence of couple stress fluid flow on the
steady thin flow down heated inclined plate and analyzed the
effect of couple stress parameter is to cut down the flow veloc-
ity and temperature distribution. Prakash et al. [14] reported
that the size of the stenoses decreases the volumetric flow rate
and increases the wall shear stress as well as impedance.
Makinde [15] obtained asymptotic approximations for
oscillatory flow through a tube of varying cross section with
permeable isothermal wall and analyzed that fluid absorption
at the wall decreases the magnitude of wall shear stress, pres-
sure drop and wall heat transfer rate, but, the influence of
oscillation of the fluid is still significant at a high rate of fluid
absorption at the wall. Prakash and Makinde [16] observed
that the impedance is reduced due to the magnetic field effect,
when patients experienced thermal radiation therapy. SibandaR1ðz; tÞ ¼
a; a1ðtÞ 0 6 z 6 d 0 and
a 4
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slightly diverging channel. Makinde [18] investigated the lam-
inar flow through a channel of different widths with permeable
walls. A mathematical model describing the fluid dynamics of
the collapsible tube has been presented by Makinde [19] and
mentioned that this model is most suitable to simulate wind
tunnel tests on rheological phenomenon in physiological
systems.
In the above mentioned literature, the influence of bifurca-
tion of the artery on blood flow characteristics was neglected.
The pulsatile flow of an incompressible couple stress fluid
through a bifurcated artery with mild stenosis is considered.
All the physiological properties of blood at the bifurcation
of the artery were severely influenced by different parameters.
Hence, the aim of the present article was to study the couple
stress fluid through a bifurcated artery with mild stenosis in
the parent lumen. The variation of flow rate, impedance and
shearing stress are analyzed for various values of couple stress
fluid parameters and geometric parameters.
2. Mathematical formulation
Consider laminar, incompressible blood flow passing through
a stenosed bifurcated artery. Blood is assumed as an unsteady
couple stress fluid of constant density. The arteries, forming
bifurcation are assumed to be straight, circular cylinders of
limited length and symmetrical about the axes of the parent
artery as shown in Fig. 1. Let (r, h, z) be any point in a cylin-
drical polar coordinate system, of which z is taken to be the
central axis of the parent artery. To avoid the possibility of
appearance of flow separation zones, introduce curvature at
the lateral junction and the flow divider.
The equations governing the pulsatile couple stress fluid
flow are
@q
@t
þ qðr  qÞ ¼ 0 ð1Þ
q
@q
@t
þ ðq  rÞq
 
¼ rPþ lðr r qÞ
 gðr rrr qÞ ð2Þ
where p is the fluid pressure, q is the density of the couple stress
fluid, g is the couple stress viscosity parameter, q is the velocity
vector and l is the blood viscosity.
The mathematical representation of bifurcated artery with
mild stenosis in the parent lumen is presented by [20,21],d 0 þ l0 6 z 6 z1
ð3Þ
bÞ ð4Þ
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Figure 1 Schematic diagram of stenosed bifurcated artery.
Pulsatile flow of couple stress fluid 3where R1(z, t) is the outer wall and R2(z, t) is the inner wall of
the bifurcated artery, r1 is the radius of the daughter artery, a is
the radius of the parent artery at non-stenosed portion, and l0
is the length of the stenosis at a distance d 0 from the origin. z1,
z2 and z3 are the location of the onset, offset of the lateral
junction and flow divider respectively, b is the half of the
bifurcation angle, e is the maximum height of the stenosis at
z= d 0 + l0/2 and zmax represents the maximum length of the
bifurcated artery and a1(t), b1(t) are given by
a1ðtÞ ¼ 1 ðcosðxtÞ  1Þk expðkxtÞ and b1ðtÞ ¼ 1=a1ðtÞ
ð5Þ
The radii of curvature r0 and r
0
0 at the lateral junction and
flow divider that are present in the geometry are given by
r0 ¼ a 2r1 secb
cos b 1 and r
0
0 ¼
ðz3  z2Þ sinb
1 sinb ð6Þ
where z1, z2 and z3 are the location of the onset, offset of
the lateral junction and flow divider which lie on the
central axis of the artery and are functions of the half of bifur-
cated angle, defined as z2 ¼ z1 þ r0 sinb; z3 ¼ z2 þ q1; z4 ¼
z z3  r00ð1 sinbÞ
 
tanb. Here q1 is a small number lying
in between 0.1 and 0.5, and this is defined in the agreement
with the geometry.
Since the flow is considered to be symmetric, all the
variables are independent of h, and the velocity is given by
q= (u(r, z, t), 0, w(r, z, t)). Using L is characteristic length
and w0 is characteristic velocity, we define the non-
dimensional variables as follows:
r ¼ a~r; u ¼ aw0~u
L
; z ¼ L~z; w ¼ w0 ~w; d ¼ L~d;
p ¼ Lw0l~p
a2
; R1ðzÞ ¼ afR1ð~zÞ; R2ðzÞ ¼ afR2ð~zÞ t ¼ ~tx
It can be shown that the radial velocity is very small and
can be neglected for a low Reynolds number flow in an artery
with mild stenosis [4]. Therefore, Eq. (2) can be written in non-
dimensional form as
R2w
@w
@t
¼  dp
dz
þ @
2
@r2
þ 1
r
@
@r
	 

w 1
a2
@2
@r2
þ 1
r
@
@r
	 
2
w ð7Þ
where a2 ¼ la2g is the couple stress fluid parameter and
R2w ¼ a
2qx
l is the Womersley number.Please cite this article in press as: Srinivasacharya D, Rao GM, Pulsatile flow of coupl
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equation in non-dimensional form is
 @p
@z
¼ A0 þ A1 cosðtÞ ð8Þ
where A0 is the amplitude of the pressure gradient (constant),
and A1 is the amplitude of the pulsatile component, which is
the systolic and diastolic pressure. Where w= 2pfp, fp is the
frequency of the pulsatile flow.
The boundary conditions in non-dimensional form are
@w
@r
¼ 0; @2w
@r2
 r
r
@w
@r
¼ 0; on r ¼ 0 for 0 6 z 6 z3
w ¼ 0; @2w
@r2
 r
r
@w
@r
¼ 0; on r ¼ R1ðzÞ for all z
w ¼ 0; @2w
@r2
 r
r
@w
@r
¼ 0; on r ¼ R2ðzÞ for z3 6 z 6 zmax
w ¼ c0 at t ¼ 0 where c0 is very small:
9>>=>>;
ð9Þ
where r= g/g0 is the couple stress fluid parameter which is
responsible for the effect of local viscosity of particles apart
from the bulk viscosity of the fluid. If g= g0 then the effects
of couple stresses will be absent in a material, which implies
that couple stress tensor is symmetric. In this case Eq. (9)
shows that, the couple stresses are disappearing on the inner
and outer walls of the bifurcated artery.
The influence of R1 and R2 of the boundary can be con-
veyed into the governing equations by the radial coordinate
transformation given by Shit and Roy [22], n ¼ ðr R2Þ=R
where R= R1  R2. Using this transformation in Eq. (7)
reduces the form
R2wR3 n
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þ R4 dp
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þ 1
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@4w
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a2ðnRþ R2Þ
@3w
@n3
 1þ 1
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" #
R2
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þ 1
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" #
R3
@w
@n
¼ R2wR4
@w
@t
ð10Þ
In the above equation first term is corresponding to wall
motion. The associated boundary conditions in the trans-
formed coordinates are
@w
@n ¼ 0; @
2w
@n2
 rRðnRþR2Þ @w@n ¼ 0; on n ¼ 0 for 0 6 z 6 z3
w ¼ 0; @2w
@n2
 rRðnRþR2Þ @w@n ¼ 0; on n ¼ 1 for all z
w ¼ 0; @2w
@n2
 rRðnRþR2Þ @w@n ¼ 0; on n ¼ 0 for z3 6 z 6 zmax
w ¼ c0
w0
at t ¼ 0
9>>>=>>>;
ð11Þ3. Numerical solution
Eq. (10) along with the boundary conditions Eq. (11) is solved
numerically using finite difference method. First, Eq. (10) is
converted into a system of four first order partial differential
equations and these equations are replaced with equivalent
central finite difference approximations, so that the four first
order equations result in a block tridiagonal matrix and then
this system is solved using block elimination method.e stress fluid through a bifurcated artery, Ain Shams Eng J (2016), http://dx.doi.
Figure 2 Effect of (a) a and (b) b on impedance near to the apex.
Figure 3 Influence of (a) Rw and (b) t on impedance near to the apex.
Figure 4 Influence of (a) a and (b) b on flow rate near to the apex.
4 D. Srinivasacharya, G.M. RaoThe physical quantities to be analyzed are flow rate, impe-
dance and shear stress for both parent and daughter arteries.
The flow rate for both parent and daughter arteries is deter-
mined usingPlease cite this article in press as: Srinivasacharya D, Rao GM, Pulsatile flow of coup
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Qd ¼ pR R
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Z 1
0
wdn
	 

ð12Þle stress fluid through a bifurcated artery, Ain Shams Eng J (2016), http://dx.doi.
Figure 5 Influence of (a) Rw and (b) t on flow rate near to the apex.
Figure 6 Influence of r in (a) daughter and (b) parent artery on flow rate near to the apex.
Figure 7 Effect of a on shear stress along the (a) inner and (b) outer walls of the daughter artery.
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Figure 8 Effect of b on shear stress along the (a) inner and (b) outer walls of the daughter artery.
Figure 9 Effect of Rw on shear stress along the (a) inner and (b) outer walls of the daughter artery.
Figure 10 Effect of r on shear stress along the (a) inner and (b) outer walls of the daughter artery.
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Figure 11 Effect of t on shear stress along the (a) inner and (b) outer walls of the daughter artery.
Pulsatile flow of couple stress fluid 7For the impedance of the flow in the parent and daughter
artery is calculated using
ðkpÞi ¼
z3
dp
dz
Qp

 for z < z3 and
ðkdÞi ¼
ðzmax  z3Þ dpdz
Qd

 for zP z3 ð13Þ
The mean value of shear stress is calculated by using
sij ¼ 1
R
@w
@n
þ 1
4Ra2ðnRþ R2Þ2
@w
@n
 1
4a2R3
@
@n
@2w
@n2
 
 1
4R2a2ðnRþ R2Þ
@2w
@n2
ð14ÞFigure 12 Effect of a on velocity near the apex
Please cite this article in press as: Srinivasacharya D, Rao GM, Pulsatile flow of coupl
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The aim of the current study was to analyze the flow character-
istics of blood through the stenosed bifurcated artery under the
consideration that blood is pulsatile couple stress fluid. An
appropriate numerical scheme has been chosen to analyze
the applicability of the physiological data available in the sci-
entific literatures. The numerical solutions of all these physical
parameters are presented graphically for different values of a,
b, r and time on both sides of the bifurcated artery for better
understanding of the analysis. We used the following data
a= 5 mm, d0 = 10 mm, l0 = 5 mm, b= p/10, r1 = 0.51a,
e= 2, a= 2.5, t= 2 s and r= 0.5.
The parameter l ¼
ﬃﬃ
g
l
q
is the characteristic measure of the
polarity of the fluid model, and it has the dimensions of the
length. If l is a function of the molecular dimensions of thein both (a) daughter and (b) parent arteries.
e stress fluid through a bifurcated artery, Ain Shams Eng J (2016), http://dx.doi.
Figure 13 Effect of r on velocity near the apex in both (a) daughter and (b) parent arteries.
8 D. Srinivasacharya, G.M. Raoliquid, it will vary greatly for different liquids. For example,
the length of a polymer chain may be a million times the diam-
eter of water molecule Stokes [2]. One might therefore expect
the couple stresses to appear in noticeable magnitudes in liq-
uids with very large molecules. a indicates the ratio of the tube
radius to the characteristic length, i.e., (a= a/l). In the limit
g! 0 i.e. a!1 Eq. (2) reduces to classical Navier–Stokes
equation. Hence, for larger values of a, the effect of couple
stresses is not significant.
The effect of a and b on impedance in both sides of the apex
is described in Fig. 2a and b. It is noticed from these figures
that the resistive impedance is increasing with the increase in
the value of a and b on both sides of flow divider. The influ-
ence of Rw and t on impedance in both sides of the apex is pre-
sented in Fig. 3a and b respectively. It is observed from Fig. 3aFigure 14 Effect of Rw on velocity near the ape
Please cite this article in press as: Srinivasacharya D, Rao GM, Pulsatile flow of coup
org/10.1016/j.asej.2016.04.023that the impedance is diminishing with an increase in the value
of Rw. It is depicted from Fig. 3b that the impedance is increas-
ing with the increase in the value of t on both sides of the apex.
Figs. 2 and 3 show that the impedance is flustered largely near
to the flow divider in the parent artery due to the presence of
degeneration of flow at the start of the flow divider. All the
profiles are locally rising till inset of lateral junction, and then
a small decrease is identified and then rise until the flow
divider. Thereafter, these profiles found to be steady till zmax.
The variations of flow rate on both sides of the apex with a
and b are depicted in Fig. 4a and b. From these figures it is
noticed that the flow rate is enhanced with advance in the value
of a and b on both sides of the apex. Fig. 5a and b shows the
effect of Rw and t on the volumetric flow rate in both sides of
the apex. It is observed that the flow rate is diminishing withx in both (a) daughter and (b) parent arteries.
le stress fluid through a bifurcated artery, Ain Shams Eng J (2016), http://dx.doi.
Figure 15 Effect of t on velocity near the apex in both (a) daughter and (b) parent arteries.
Figure 16 Oscillatory nature of impedance against time near the apex in both (a) parent and (b) daughter arteries.
Pulsatile flow of couple stress fluid 9advancement in the value of Rw. It is depicted that the flow
rate is advancing with advancement in the value of t on both
sides of the apex. The effect of r on flow rate in both daughter
and parent arteries is shown in Fig. 6a and b respectively.
These figures illustrate that the flow rate is increasing in parent
artery and diminishing in the daughter artery with increase in
the value of r, but the effect is not much significant in daughter
artery. The flow rate in case of couple stress fluid is less than
that of Newtonian fluid in the parent artery at the maximum
height of the stenosis. r= 1 corresponds to Newtonian fluid
case, where couple stresses will disappear in the wall. It is to
be noted from Figs. 4–6 that the flow rate is rising with the rise
in the value of z, until inset of lateral junction; then, a slight
decrease occurred suddenly, and after that gradually rising till
the apex, and then a sudden decrease is identified. This isPlease cite this article in press as: Srinivasacharya D, Rao GM, Pulsatile flow of coupl
org/10.1016/j.asej.2016.04.023because of diverging of blood flow at the bifurcation of the
artery. Thereafter, it is found that the flow rate is uniform till
zmax.
Fig. 7a and b explores the influence of a on shear stress
along the inner and outer walls of the daughter artery. From
these figures it is observed that the shear stress increases along
the inner wall and decreases along the outer wall of the daugh-
ter artery with an increase in the value of a. Fig. 8a and b illus-
trates the influence of b on shear stress along the inner and
outer walls of the daughter artery. From these figures it is
noticed that the shear stress is enhancing along the inner wall
and diminishing along the outer wall with an increase in the
value of b. The influence of Rw on shear stress along the inner
and outer walls of the daughter artery is presented in
Fig. 9a and b. It is seen that shear stress is diminishing withe stress fluid through a bifurcated artery, Ain Shams Eng J (2016), http://dx.doi.
Figure 17 Oscillatory nature of flow rate against time near the apex in both (a) parent and (b) daughter arteries.
Figure 18 Pulsatile nature of shear stress along the (a) inner and (b) outer walls of the daughter artery against time.
10 D. Srinivasacharya, G.M. Raoadvancement in the value of Rw along the inner and outer walls
of the daughter artery. The variations of shear stress with r
along the inner and outer walls of the daughter artery are pre-
sented in Fig. 10a and b. Fig. 10a illustrates that the shear
stress is decreasing along the inner wall and from Fig. 10b
shear stress is increased along the outer wall of the daughter
artery with an increase in the value of r. The variations of
shear stress along the inner and outer walls of the daughter
artery with time are depicted in Fig. 11a and b. From these fig-
ures it is seen that shear stress is advancing with advancement
in time along both inner and outer walls of the daughter artery.
The variations of velocity with couple stress fluid parameter
a in both daughter and parent arteries near the apex are shown
respectively in Fig. 12a and b. From these figures, it is noticed
that velocity is rising with an advancement in the value of a in
both parent and daughter arteries. Fig. 13a and b depicts the
effect of r on velocity in both parent and daughter arteriesPlease cite this article in press as: Srinivasacharya D, Rao GM, Pulsatile flow of coup
org/10.1016/j.asej.2016.04.023near the apex. From Fig. 13a, it is observed that the effect of
r on velocity is almost negligible in the daughter artery, but
from Fig. 13b it is noticed that the velocity is increasing with
an increase in the value of r in parent artery. Fig. 14a and b
respectively illustrates the influence of Womersley number on
velocity near the apex in both parent and daughter arteries.
From these figures, it is observed that the velocity is decreasing
with an advancement in the value of Rw in both daughter and
parent arteries. The effect of bifurcation angle (b) on velocity
in both daughter and parent arteries is reported in
Fig. 15a and b. It is noticed that the velocity is rising with
an advancement in the value of b in both parent and daughter
arteries. It is worth to mention that the velocity remains con-
stant at non-stenosed portion.
The oscillatory profiles of impedance and flow rate against
time (t) with couple stress fluid parameter (a) on both sides of
the apex are presented in Figs. 16a, b and 17a and b. Fromle stress fluid through a bifurcated artery, Ain Shams Eng J (2016), http://dx.doi.
Pulsatile flow of couple stress fluid 11Fig. 16a and b impedance is diminishing with an increase in the
value of a in both parent and daughter arteries. From
Fig. 17a and b flow rate is enhanced with an advancement in
the value of a in both parent and daughter arteries. The pul-
satile nature of shear stress along the inner and outer walls
of the daughter artery is shown in Fig. 18a and b. From these
Fig. 18a shear stress is decreasing along the inner wall and
from Fig. 18b shear stress increases along the outer wall with
an increase in the value of a. In Figs. 16–18 wavy graphs are
shown due to pulsatile nature of the blood flow.
5. Conclusion
The present results make us to understand, numerically as well
as physically, the influence of a, b, r and t on pulsatile couple
stress blood flow through bifurcated artery with mild stenosis,
which is of great importance in the medical sciences and diag-
nosis of diseases.
1. The impedance and volumetric flow rate both are increas-
ing with the increase in the value of a, b, t and decrease with
the value of Rw in both parent and daughter arteries. But
these profiles are increasing in the parent artery and
decreasing in the daughter artery with an increase in the
value of r.
2. The shear stress is increasing with the increase in the value
of a, b, t, and decreasing with increase in the value of Rw, r
along the inner wall. Also, it is increasing with an increase
in the values of r, t and decrease with increase in the value
of a, b, Rw along the outer wall of daughter artery.
3. The velocity is increasing with the increase in the value of a,
r, t and decrease with the increase in the value of Rw in both
parent and daughter arteries.
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